On tbe Cbebysbev Norm of PolynomiaJ B-Splines
We now eonsider, for fixed orderm, the set BOI of all B-splines of order m with the normalization Xu = 0 and XI! = 1 .
In this paper we are interested in the numbers Am := sup { IIB", 1I I B", E Bm} and }LOI := inf { IIBoll1 I Bill E B",} .
We eall a B-spline B m E B m maximal, if its norm. is equal to Am, and minimal, if it equals }Lm • It will turn out that these numbers are really attained.
In seetion 4 we will eompute these numbers explieitly and present all B-splines of Bill with norm Am resp. with norm }Lm . Likewise, in seetion 5 we will compute the norm of the B-spline with equidistant knots and study the behavior of all these norms as m tends to infinity. The final section 6 is devoted to the question, for whieh types of knot distributions the norms of the corresponding B-splines tend to zero at all, as m --+ 00 .
Before that, in the next seetions we give some results on B-splines with a small number of knots, and a contour integral representation for B-splines and their derivatives, whieh will be our essential tool in proving the results,
B-splines for a small number of knots
In this sectionwe derive, for all mEIN and k = 1 or 2, explieit representations for the eorresponding B-splines as wen asfor their norms; these results will later turn out to be important. elsewhere.
(2.1 ) (2.2)
We always adopt fOT some special cases the usual definition 0 0 := 1 .
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Proof. The representation formula (2.1) is easily verified by checking its properties with respect to the definition of Bill (one could of course as weIl prove this formula by use of the B-spline recursion formula (see [2, 3, 11] ), but this is not necessary here).
It remains to prove the validity of (2.2). For Vo = 1, VI = m, the maximum value of Bill (which in this case just reduces to the monomial x,lJ-1 in [0,1]) occurs at the point 1 and is equal to 1 if m is odd, The formulae (2.3) now follow immediately.
We still have to prove the inequality (2.4). It is 1 4
.
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For odd m, say m = 2r + 1 with r 2: 1, we get from (2. Proof. It is easy to check all properties of this specific B-spline.
Contour integral representations of B-splines and their partial derivatives o
We will give now some results concerning the representation of the B-spline B", and of its partial derivatives with respeet to the knots in terms of a complex contour integral.
These results will also be a major tool for the proof of our Theorem 2. For convenience, we first repeat the well-known contour integral representation of the B-spline itself: 
Proof. This result was given in [8] ' see also [4] . o
In our subsequent considerations, representation (3.1) will mainly serve as a theoretical tool. However, it should be emphasized that this formula has also important praetical implications, a fact which seems to have been underestimated until now, although (3.1)
is known since twenty years. Therefore we would like to make a few remarks on this subject first:
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Corollary:
Let be x E [xy, xQ-t} for some e, and define for alt f-L with w from (3.2) . Then the foUowingrepresentation holds:
Proof. According to the residue theorem, we obtain from (3.1)
I.:
. dv,,-I ((z_x)m-l)
Res--J.:
z=~'" (see any textbook on complex analysis), the result follows. 
= (rn-I)
Furthermore we have the representations
and, for f2 = 1,2, ... , k -1,
Remark. Formula (3.8) should be compared with Theorem 4.27 in [11J.
Praof of Theorem 1. The differentiability with repect to X follows from the assumption
Since C~: is rectifiable, formula (3.7) is easily derived.
The right hand side of (3. 
Vk-l Vk
Proof. This follows easily from equations (3.7) and (3.8). In this section we want to compute explicitly the numbers >'m and /1m, defined in the introduction. Let us first consider the elementary cases m = 1,2,3, where the last one soon will turn out to be typical also for the general case.
For m = 1 and m = 2 it follows immediately from Lemma 1 resp. Lemma 3 that and Also the case m = 3 can still be treated in an elementary way. For 0 < Xl < X2 < 1 we 
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Analogously we find that f.t:l = 1/2, where this value is attained only by the B-spline for 0 ::; x ::; 1 , elsewhere.
We are now dealing with the case of an arbitrary order m. We remark that the assertion >"1/ = 1 can also be derived easily by using a special case of the Marsden identity (cf. [9] ). 
Our indirect assumption yields that, if T does not coincide with one of the knots Yl , ... , Yk-l , the linear functional LI, defined on the space of entire functions h by
On tbe Chebysbev Norm oi Polynomial B-Splines 12 vanishes for all h E Ih-I. If T coineides with one of these inner knots, then the linear funetional L 2 , defined on the spaee of entire functions h by
vanishes for a.ll hE ll!.:-2 . Here we have defined
In order to save eertain differentiability properties we assurne in the seeond ease k > 2 ;
the remaining ease k = 2, T = Yl again will be treated separately.
Let us eonsider the first ease now. We ehoose the entire function h1 (z) := (z -T) h'-I ; 
.,.= T But sinee the first derivative of our B-spline Bm+k-I already vanishes at x = r, this eannot hold also for the second deri vati ve, see again [11] . Therefore our assum ption leads to a contradietion, and the original assertion is proved in the first ease.
In the seeond ease, i.e. if r eoineides with one of the knots Y], ... , Yk-l , we ehoose h: 3 (z):= (z -T)k-2(= h 2 (z)) and h](z):= (z _T)k-:)
to obtain whieh again, up to non-zero factors, ean be interpreted as ( : B1ll+k-l) = 0 and 
zvo(z-1)"2 '
where LlII + LI'.! = m -Lll . Hence, having T= Yl in mind again, 
XJ1I-1
for Xl~X~1,  elsewhere.
The maximum value of Bill occurs at the point T with (m -2)( 1 -Xl)
and it follows Xl (4.7)
Obviously, this function is neither maximal nor minimal.
So, the B-splines which are either maximal or minimal have to be of the type (2.1) or (4.2); these cases have been discussed earlier.
0
We are now in the position to characterize the asymptotic behaviour of the minimal norms j.L"" as m goes to infinity. This has been conjectured for a long time (see [8] ), but could not be proved until now. 
V~1-4(m-1) + O(m--)
{f (
for m -+ 00.
1J-2k =
Now let m be even, m = 2k ; Lemma 2 implies
( I, )
..;;t:
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Here we have used twice the asymptotic relation Putting k = m/2 in (4.11) yields the assertion.
o
Obviously, more terms of the asymptotic expansion (4.8) can be worked out easily.
The numerical values of the first ten numbers /-L/Il are given in Table I (see Section5) . Since B~,(x) = B~n (1 -x) for all x, the norm of this function is attained at x = 1/2.
The equidistant distribution of knots -
where we have used (3.4) and (3.6). In Table I , we list the first ten values of ßlll and compare them with thecorresponding "optimal" values /-Ln; ; furthermore, we present the asymptotic limits (cf. Thms. 3 and 4).
For m ---+ 00 , we obtain the following asymptotic result: Table I 16 Proof. We use 5choenberg's integral representation for cardinal B-splines (cf. 
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Interestingly, the values of ßIII (equidistant case) and J.LI/' (minimal case) both tend to zero with the same order of convergence, and, moreover, the asymptotic constants only differ by a factor V3. So, the equidistant knot distribution is, from this paper's point of view, a rather good choice.
For which B-splines does the norm tend to zero at all?
M f k -(11,-"2)
Note that Bill 1S a Cl -function! Another counterexample is given by the C 2 -function whose norm equals 1/2 for all m. 
,,=1
However, we do not like to elose this paper with aseries of negative examples, and so we
give the following sufficient conditions, under which the B-spline's norms tend to zero as m goes to infinity. The first one, stated in Theorem 5, says that the linear convergence of the knot sequence {X~,"')}, as defined in (6.1), implies zero convergence of thenorms. (6.4) . In order to prove Theorem 6 we first remark that, due to the symmetry of the knots we have obviously
IIBm(.I~) 11= B'Il(&!~)
The mean value theorem yields with some veetor i= (1 -T)~+ TTJ, 0 < T < 1.
We claim that the eomponents of the gradient veetor are all positive, Le. a (I~. we therefore get the desired inequality (6.7) from (6.5). Now equations (6.6) and (6.7)
yield the assertion of Theorem 6. 
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Proof. Follows directly from the combination of( 4.8), (5.2) and Theorem 6. 0
So we have finally seen that there is yet a quite big class of B-splines with zero convergence of the norms. For example, this is true for the well-known Perfect splines.
